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Abstract. Let H he a. pointed Hopf algebra. We show that under some mild assumptions H 
and its associated graded Hopf algebra gr H have the same Gelfand-Kirillov dimension. As an 
application, we prove that the Gelfand-Kirillov dimension of a connected Hopf algebra is either 
infinity or a positive integer. We also classify connected Hopf algebras of GK-dimension three 
over an algebraically closed field of characteristic zero. 



1. INTRODUCTIOIN 

The Gelfand-Kirillov dimension (or GK-dimension for short) has been a useful tool for investi- 
gating infinite-dimensional Hopf algebras. For example, Hopf algebras of low GK-dimensions are 
studied in |Bl [010 H IWZZll IWZZ2] . 

It is well known that every Hopf algebra H has a coradical filtration {i?n}5^Lo- If H is pointed 
with group-like elements G, then the associated graded algebra of H with respect to the filtration 
{Hn}^^Q is a graded Hopf algebra, which we denote by griJ. The structure of griJ is relatively 
easier in the sense that it has a nice decomposition gr H = R^kG, where i? is a certain graded 
subalgebra of gr_ff (see [R2i Theorem 3]). In the first part of this paper, we clarify the behavior of 
the GK-dimension of a pointed Hopf algebra under taking associated graded algebra. In fact, we 
prove the following Theorem. 

Theorem 1.1 (Theorem 15 .4^ . Retain the above notation. If R is finitely generated, then 
GKdim R + GKdim kG = GKdim gi H = GKdini H. 

The first equality follows from Lemma l5.2l which is a generalized version of [Zj Lemma 5.5]. The 
proof of the second equality depends heavily on Takeuchi's construction of free-Hopf-algebras, which 
we will review briefly in Section [31 

An interesting phenomenon is that the GK-dimensions of all known Hopf algebras are either 

infinity or non-negative integers. So it is tempting to conjecture that this is always true for any 
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Hopf algebra. As a positive evidence to this conjecture, we prove in Theorem 16.101 that the GK- 
dimension of a connected Hopf algebra over an algebraically closed field of characteristic zero is either 
infinity or a positive integer. This is basically a consequence of Theorem l5.4l and the following result. 

Theorem 1.2 (Proposition 123]). Let K be a connected coradically graded Hopf algebra and assume 
that the base field k is algebraically closed of characteristic 0. // K is finitely generated, then K is 
isomorphic to the polynomial ring of i variables for some £ > as algebras. 

For the definition of coradically graded Hopf algebras, one can refer to Definition 12.11 Notice 
that if is a connected Hopf algebra, then gr is a connected coradically graded Hopf algebra 
(see Remark [221). 

In the last two sections, with the help of the results from previous sections, we classify connected 
Hopf algebras of GK-dimension three over an algebraically closed field of characteristic zero. The 
result can be stated as follows. Note that we use P{H) to denote the space of primitive elements of 



Theorem 1.3 (Theorem lT.Sp . Let H be a connected Hopf algebra of GK-dimension three (over an 
algebraically closed field of characteristic 0). Then H is isomorphic to one of the following: 

(I) The enveloping algebra U{g) for some three-dimensional Lie algebra g; 



(II) The Hopf algebras ^(0,0,0), ^(0,0,1), v4(l,l,l) or A{1,\,0) from Example\71\ for some 



(III) The Hopf algebras -B(A) from Example \ 7. S\ for some X € k. 
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Throughout this paper, k denotes a base field. All algebras, coalgebras and tensor products are 
taken over k unless otherwise stated. Given a group G, we will use kG to denote the group algebra 
of G over k. 

For any coalgebra C, we use G{G) for the group-like elements in C, and C+ for the kernel of 
the counit. The coradical Cq of C is defined to be the sum of all simple subcoalgebras of G. The 
coalgebra G is called pointed if Cq — kG{G), and connected if Co is one-dimensional. Also, we use 



H. 



X e k; 
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{Cn}^=o to denote the coradical filtration of C [Moi 5.2.1]. Tlie coalgebra C is called coradically 
finite if dinn: C„ < oo for any n. For a Hopf algebra H, we use P{H) to denote the space of 
primitive elements of H. 

oo 

Let C = ® C(i) be a graded coalgebra. We say that C is coradically graded if Co = C'(O) and 
Ci = C(O)0C(1). If C is coradically graded, then as shown by [CMl Lemma], C„ = 0,<„ C(i) 
for any n > 0. Now we recall the definition of graded Hopf algebras, which will be used intensively 
in this paper. 



Definition 2.1. Let H he a Hopf algebra with antipode S. If 

oo 

(1) = H{i) is a graded algebra, 

oo 

(2) iJ = H{i) is a graded coalgebra, 

2 = 

(3) S{H{n)) C for any n > 0, 



then i? = H{i) is called a graded Hopf algebra. If in addition, 

1=0 

oo 

(4) iJ = is a coradically graded coalgebra, 

i=0 

then is called a coradically graded Hopf algebra. 



Remark 2.2. It turns out that the notion of coradically graded Hopf algebra is very natural. For 
example, let H he a pointed Hopf algebra with coradical filtration {i/„}„>o. Then the associated 
graded space gi H = 0„>o is a graded Hopf algebra [Moi p. 62] . Moreover, as mentioned 

in [AS II Definition 1.13], gr H is a coradically graded coalgebra. Therefore, gr77 is a coradically 
graded Hopf algebra. 



3. Takeuchi's free-Hopf-alegbras construction 



In |T2| . Takeuchi proved that for any coalgebra C there exists a Hopf algebra T-L{C) characterized 
by the following universal property: 



(1) There is a coalgebra map i : C ^ T-L{C), 

(2) For any Hopf algebra H and coalgebra map f : C ^ H, there is a Hopf algebra map 
/' : n{C) H such that / = f'i. 



The Hopf algebra H(C) is called the free Hopf algebra generated by C [T2[ Definition 1]. Takeuchi 
showed the existence of 'H{C) by an explicit construction, which we will describe briefly. 
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Let V — Vi where = C if z is even and Vi ~ (jcop ^ odd. Notice that V has a 

natural coalgebra structure. Let S : V ^ y<^op be the coalgebra map sending {xq,xi,X2t ■ ' ') to 
(0, xo, xi, xa, • • • )• Then S induces a bialgebra map S : T{V) r(F)°P^™P. Let / be the two-sided 
ideal of T{V) generated by the set 

{S * Idix) - eix)l \xeV} [j{Id * S{x) ~ t{x)\ | a; G F}, 

where * represents the convolution. Moreover, / is a coideal and S{1) C /. By |T2[ Lemma 1], the 
Hopf algebra T{V)/I , with the antipode induced from the map S*, is the universal object H{C). 

Takeuchi's construction generalizes the notion of a free group generated by a set in the following 
sense. 

Proposition 3.1. |T2[ Lemma 34] T-L{kG{C)) — k{G{C)), where {G{C)) is the free group generated 
by the set G{C). 

Let C be a coalgebra with coradical Cq and let C = Co ©T^ be a decomposition of C as a A:-space. 
Then T-L{C) can be realized by giving a natural Hopf structure on the algebra H(Co) H T{V) |T21 
§6]. Now the canonical coalgebra map i : C ^(C*) can be identified with the map induced by 
maps Co H(Co) and V — ?> T{V). By this characterization, we have 

Lemma 3.2. [T2, Theorem 35] Suppose that C is a pointed coalgebra and G{G) U B is a k-hasis 
for C. Let X ~ G{C) U G(C)^^ U B and let Y be the set of finite sequences {xi, • • • , x„) of elements 
of X such that {xi,Xi+i) is not of the form {g^^,g^^) where g G G{C). Set 

X — xi ■ ■ ■ Xn e 'H{C) for X = {xi, ■ ■ ■ , Xn) S Y, 

where by abuse of notation we still use Xj for its image in 'H{C) under the canonical map i : G ^ 
'H{G). Then {x\x ^ Y} forms a k-basis for T-LiC). 

Now we are able to prove the following proposition, which determines the coradical of 'H(C) when 
C is pointed. 

Proposition 3.3. Let C he a pointed coalgebra. Then the following statements are true. 

(I) the Hopf algebra 'H{C) is pointed and the coradical of T-L{C) is equal to the subalgebra gen- 
erated by G{C) and their inverses, which is isomorphic to k{G{C)). 
(II) for any n > 1, C" is a subcoalgebra of'H{C) and any element in G{C"') can be expressed as 
a product of < n elements in G{C). 
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Proof. Denote 7^(C) by H. It is elear that the subalgebra of H generated by G(C) and their inverses 
is contained in H^. By Lemma [XH this subalgebra is isomorphic to k{G{C)). 

Choose a subset B of C such that B = IJ^^ Bi and G{C) U U ' ' ' U is a /c-basis of C„ for 
any n. Let V be the fc-space spanned by B. By jT2i §6], H ^ k{G{C)) IiT{V) as an algebra. Hence 
we can define a grading on H by setting deg g = for any g e G{C) and deg hi — i for any bi Bi. 
Under this grading, becomes a graded algebra (but not necessarily a graded coalgebra) and C is 
a graded subspace of H. Let _ff (n) be the fc-subspace of H spanned by homogeneous elements of 
degree n. 

Now, fix a basis of H described in Lemma 13.21 with the chosen set B. Then this is a basis 
consisting of homogeneous elements with respect to the grading defined above. For any m > 0, 
let Am = X]"=o^(*)- is clear that {Am}m>o is an algebra filtration on H and Aq is exactly 
the subalgebra of H generated by G{C) and their inverses. Moreover, by the choice of B, we have 
Cm C Am for any m > 0. Let be as in Lemma [3.21 and suppose that Xj G Bi. (here 

we set Bq = G(G) [J G{G)^^). Then by definition Am is spanned by x such that J^j h — ™- Pick 
such a a; e Am- Notice that A(a;) = A(a;i) • • • A(x„) and for each j, A{xj) C J2t ^* ® C'ij-t C 
J2t ® Ai.-f As a consequence, 

t 

This shows that {Am}„i>o is also a coalgebra filtration. By |Mo[ Lemma 5.3.4], Hq C Aq. This 
proves the first statement. 

For the second statement, it is easy to check that C" is a subcoalgebra of H. As mentioned 
before, C is a grade fc-subspace of H. This means that C = ^(*) where C{i) = Cf]H{i). 

Now G(C") = C" n G(i/) c G" n H{0). Since G is a graded fc-subspace of H, G" f] H{0) ^ G(0)". 
Notice that G(0) is spanned by G(G). Hence every element in G(G") can be expressed as a linear 
combination with each summand a scalar multiple of a product of < rt elements in G(G). Since 
distinct group-like elements are fc-linearly independent by [Sw, 3.2.1], every element in G(G") is 
actually a product of < n elements in G(G). □ 

Remark 3.4. Suppose that G = 0^o'-^(*) is ^ pointed graded coalgebra such that G(0) = Gq. 
Now G has a canonical decomposition G = Go®l^, where V = C'(i). Then by the construction 

of the comultiplication and the antipode on T-L{Gq) WT{V) in |T21 Lemma 26, Lemma 27], 'H(G) = 
T-L{Go) H T(F) becomes a graded Hopf algebra, where elements in H(Go) has degree and the 
grading on T{V) is inherited from V . It is clear that the canonical inclusion i : C ^ T~L{C) becomes 
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a graded coalgebra map. Moreover, if there is a graded coalgebra map / from C to a graded Hopf 
algebra H, then the lifting Hopf algebra map /' : H(C) H is also graded. 



Corollary 3.5. Let H be a pointed Hopf algebra. Then every finite- dimensional subspace V of H is 
contained in a finitely generated Hopf subalgebra. Moreover, if D is a finite- dimensional subcoalgebra 
of H with group-like elements G{D), then elements in G{D") can be expressed as products of < n 
elements in G{D). 

Proof. Since V is contained in a finite-dimensional subcoalgebra of H , we can assume V = D \s & 
finite-dimensional subcoalgebra. Let C be a copy of D as coalgebras. Then there is an injective 
coalgebra map f : C ^ H whose image is D. By the universal property of H{C), there is a Hopf 
algebra map /' : 'H(C) — > H such that / — f'i, where i is the inclusion C H{C). (Notice here 
if we do not introduce a copy C of then by writing D we could mean either a subcoalgebra of 
_ff or a subcoalgebra of H{D), which may cause confusion in the proof). By Lemma T~L{C) is a 
finitely generated algebra. By construction, D is contained in f'{H{C)). This proves the first claim. 

Let S = {gi, ■ ■ ■ ,gi} be the set of group-like elements of C. Then {/(.gi), • • • , f{gi)} is the set 
of group-like elements of D. Notice that C" is a subcoalgebra of H{C). By (II) of Proposition 13.31 
every group-like element of C" can be expressed as a product of < n elements in S. Since C" is 
mapped onto Z?" by /', we have G'(L»") = /'(G(C")) by Jvto, Corollary 5.3.5]. The resuh then 
follows. □ 

Corollary 3.6. Let H be a finitely generated pointed Hopf algebra. Then Hq is a finitely generated 
algebra. In fact, if D is a finite- dimensional subcoalgebra of H that generates H as an algebra, then 
Hq is generated by G{D). 

Proof. Since every finite-dimensional subspace of H is contained in a finite-dimensional subcoalgebra 
by |Mol 5.1.1], we can assume that H is generated as an algebra by a finite-dimensional subcoalgebra 
D. By assumption iJo is spanned by G{H). For any g G G{H), there exists some n such that g £ Z?". 
Notice that D" is a subcoalgebra of H. Hence g G G{D"). Now the result follows from the second 
statement of Corollarv l3.5l □ 

Remark 3.7. Let H = H{i) be a graded pointed Hopf algebra such that H{0) is spanned by 

all group-like elements of H. In this case, every finite-dimensional subspace V of H is contained in 
a finitely generated graded Hopf subalgebra of iJ. In fact, without loss of generality, we can assume 
that y is a finite-dimensional graded subspace of H. By a similar argument as in jMoi Theorem 
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5.1.1], V is contained in a finite-dimensional graded subcoalgebra C of H. Then the resuh follows 
from Remark 13.41 and an argument similar to that of Corollarv l3.5l 

We conclude this section with a proposition regarding the GK-dimension of a pointed Hopf 
algebra, which is a direct consequence of Corollary 13.51 

Proposition 3.8. Let H be a pointed Hopf algebra. Then 

GKdimi? = sup GKdim£;, 

E 

where the supreme is taken over all finitely generated Hopf subalgebra of H . 

4. Pointed Hopf algebras and their associated graded Hopf algebras 

Throughout this section, let H he a pointed Hopf algebra with group-like elements G. We use 
gr_ff to denote the associated graded Hopf algebra of H with respect to the coradical filtration. 
There is a canonical Hopf projection i/j : gr _ff — > Hq. Let R = (gr HY°'^, the algebra of coinvariants 
of ip |AS1I 1.5]. By definition i? is a graded subalgebra of griJ. In fact, it is well known that R is 
a graded braided Hopf algebra in §3^2?, the Yetter-Drinfeld category over G, and 

(4.1) gvH^R#Ho, 

as Hopf algebras. Let Hq be the fc-space spanned by the elements of the form 1 — g where g d G. 
Notice that HHq is a coideal of H. Denote the coalgebra H/HHq by 0{H) and the coalgebra 
projection H — > 6{H) by tth- 

Lemma 4.1. Retain the above notation. Then H/Hn is a free (right) HQ-module for any n > 0. 

Proof. By fRl', Lemma 1], for any m > 0, H„i+i/ Hm is a free iJo-module. Hence inductively we see 
that Hn^i/Hn is a free iJo-module for any i > 1 and Hn+i/Hn = ^ Hn^j-^-i/Hn+j as i/o-modules. 
As a consequence, H/Hn — ® Hn+j+i/ Hn+j as i/o-niodules. The result then follows. □ 

j>0 

Lemma 4.2. Retain the above notation and let I = HH^ . Then I H Hn = HnH^ for any n > 0. 

Proof. For any n > 0, we have the short exact sequence 

^ Hn ^ H ^ H/Hn 0. 
Since H/Hn is a free iJo-module, the following sequence is exact, 

-> Hn ®Ho H (g)Ho k {H/Hn) ®Ho k ^ 0. 
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This shows that the canonical map Hn/ HnH^ — s> H/ 1 is injective, which imphes that / n Hn = 
HnH+. □ 

Let Fn be nH{Hn) C d{H). Then {F„}„>o becomes a coalgebra filtration on 0{H). The following 
lemma is clear. 

Lemma 4.3. Suppose that f : C ^ D is a surjective coalgebra map and C has a coalgebra filtration 
{An}n>o- Let B„ = f{An). Then {i?„}n>o o, coalgebra filtration on D. Moreover, f induces a 
surjective graded coalgebra map gr^ C — >■ gr^ D. 

By this lemma, we see that there is a surjective graded coalgebra map gri? -> gr^^ 0{H) induced 
by TTH- 

Proposition 4.4. Retain the above notation. Then gTp6{H) is isomorphic to 9{gT H) as graded 
coalgebras. 

Proof. By definition, 9{gi H) = gi H / [gr H)Hq . So we only have to show that the kernel of the 
map gi H ^ gi p9{H) induced by t:h is [gi H)Hq . It suffices to prove that for any n > 0, the 
canonical map Hn+i/Hn — ■KH{Hn+i)/T^H{Hn) bas kernel [Hn+i/ Hn)HQ . Let / — HHq. It is 
easy to check that the 

ker(ff„+i/ff„ ^ ■KH{Hn+l)/TlH{Hn)) = — 



By Lemma [i?^ Hn+i C] I = Hn+iH^ . Therefore, 

Hn+l^I+Hn Hn+lH^ + Hn , Itt\tt+ 
77 = 77 - [Hn+i/Tln)liQ . 

This completes the proof. □ 

Now we are able to determine the coradical filtration of 9{H) by using the following lemma. 

Lemma 4.5. Let C be a coalgebra with a coalgebra filtration {Fn} such that Fq — Cq. If the 
associated graded coalgebra with respect to {Fn} is coradically graded, then {Fn{ agrees with the 
coradical filtration of C . 

Proof. Denote the associated graded coalgebra with respect to {F„} by gr^ C. By the definition 
of coalgebra filtration and the fact that Fq = Cq, it is easy to see that F„ C C„ for any n > 1. 
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If the assertion is not true, then choose n to be minimial such that Fn C C„. Pick some element 
y e Cn\Fn. Then 

n n— 1 

(4.2) A{y) e ^ C, (g) Cn-^ ^Cn® Fo+ Fn®Cn + ^F,® Fn.,. 

1=0 1=1 

Suppose y £ i^„j\f„i_i for some m > n + 1. Let y be the corresponding non-zero element in 
grp C{m). Since gr^^ C is coradically graded, y is not in (gr^ C)m-i- But by (|4.2p . y is in (gr^ C)i, 
which is a contradiction. This completes the proof. □ 

Proposition 4.6. The coradical filtration of the coalgehra 0(H) is {7r//(i?„)}„>o. 

Proof. By Proposition 14.41 gi p 6(H) = 9(gT H) as coalgebras. By the proof of |R2[ Theorem 3], 
d(gT H) ^ R as graded coalgebras, where R is defined in (|4.ip . By [ASH p. 15], R is coradically 
graded. The result now follows from Lemma H3] □ 

5. GK-DIMENSIONS OF H AND gl H 

This section is devoted to the proof of Theorem l5.4l Let if be a pointed Hopf algebra with group- 
like elements G. As mentioned in the previous section, griJ has a decomposition gr H ^ R^Hq. 
By construction, the graded algebra R is connected in the sense that i?(0) = k. So if R is finitely 
generated as an algebra, then it is locally finite. 

Lemma 5.1. Retain the above notation. Let D he a graded subcoalgebra of gr H . Then 

R(^)h. 

i>0 heG(D) 

Proof. Let y be a non-zero element in D. By assumption we can further assume that y is homoge- 
neous of degree s. If s = 0, then y E D(0) = kG(D). If s > 1, then by the decomposition (|4.ip . we 
can write y — "Y^^^iUi^i where /i^'s are distinct group-like elements and ^ yi £ R(n). We only 
need to show that hi G G(D) for any i. Let ijj : gr H Hq be the canonical Hopf projection. Then 
it is obvious that ip maps D onto D(0) — kG(D). Now we have 

N 

(Id ® V)A(y) = y,h, ® h, e D (g) D(0). 

4=1 

Hence hi £ G(D) by the choice of y,; and hi. □ 



The next lemma is about the GK-dimensions of skew group algebras. It can be viewed as a 
generalization of fZ\ Lemma 5.5]. Let F be a group and A an algebra with a left G-action. As 
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/c-spaces, the skew group algebra A * F is isomorphic to A(S^ kT. The muhiphcation is given by 

(a * g){b * h) — a(g.b) * gh, 

where a,b ^ A, g, h (z T and a* g stands for a®g. We will omit the * in a* g if there is no confusion. 
We say that the F-action on A is locally finite if any finite-dimensional subspace of A is contained 
in a finite-dimension F-submodule of A. 

Lemma 5.2. Let A and F be as above and suppose that the T-action on A is locally finite. Then 

GKdim A*r = GKdim A + GKdim fcF. 

Proof. We say a subalgebra i? of A is F-affine if B is generated as an algebra by a finite-dimensional 
F-submodulc of A. It is easy to check by the local finiteness condition that 

GKdim A = sup GKdim B, 

B 

where B runs over all F-affine subalgebras of A. Next we claim that 

GKdim A * F = sup GKdim B*L, 

B,L 

where B runs over all F-affine subalgebras of A and L runs over all finitely generated subgroups of F. 
In fact, by the definition of the GK-dimension, GKdim A * F = sup GKdim E', where the supremum 

E 

is taken over all finitely generated subalgebra E of A. Let F be a finite-dimensional generating 
subspace of E. Then there exists gi, ■ ■ ■ , gs (z G and some finite-dimensional subspace of A such 
that V C Wgi + Wg2 + ■ ■ ■ Wgs- By the local finiteness condition we can further assume that W is 
a finite-dimensional F-submodule of A. 

Let B be the subalgebra of A generated by W and let L be the subgroup of G generated by 
(7i, • • • ^gs and their inverses. Then it is clear that B is F-affine and E C B * L. This prove the 
claim. Now, 

GKdim A * F = sup GKdim B^L 

B,L 

= sup(GKdimB -I- GKdim fcL) 

BX 

= sup GKdim B + sup GKdim kL 

B L 

= GKdim A + GKdim fcF. 

The second equality follows from [Z] Lemma 5.5]. For the last equality, one just notice that 
GKdim fcF = sup GKdim kL hy Proposition EjH □ 

L 
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Recall from ^Mo. §5.4] that for g e G, 

Pi,g{H) ^ {x e H\ A(a;) =x®l+g®x}. 
Let Pig{H) be a subspace of Pi,g{H) such that Pi.g{H) = k{l - g) ® P[^g{H) and define 

P^{H)^@Pl^{H). 

Lemma 5.3. Let H be a pointed Hopf algebra. Then the following statements are equivalent. 

(I) diiRkPi^iH) < oo, 

(II) dimfe R{1) < oo, 

(III) the graded algebra R is locally finite, 

(IV) the coalgebra 0{H) is coradically finite. 

Proof. By [ Moi Theorem 5.4.1(1)] and the definition of R, P^{H) = i?(l) as fc-spaces. Hence (I) and 
(II) are equivalent. Since i? is a coradically graded coalgebra and i?(0) — k, the equivalence of (II) 
and (III) follows from [MSi Lemma 2.3 (2)]. As shown in the proof of Theorem l5.41 dim^ Tr^f (_ff„) = 
dinifc X^i'Li Ri^)- By Proposition 14.61 {tt/^ (i7„)}„>o is the coradical filtration of 0{H). This shows 
that (III) and (IV) are equivalent. □ 

Now we are ready to prove the main theorem of this section. 
Theorem 5.4. Retain the above notation. Suppose that dim^ i?(l) < oo. Then 

(5.1) GKdimi? + GKdimfcG = GKdimgriJ < GKdimiJ < GKdimfcG + 7, 

where 7 = lim log„ dim^ Tr^f (i7„) = lini log„ dim^ _R(i). If R is a finitely generated algebra, 

n— >oo n— >oo 

then 

(5.2) GKdim R + GKdim kG = GKdim H = GKdim H = GKdim kG + 7, 

Proof. Let Vn = ©"=1 R{i)- By Lemma l5.3[ Vn is finite-dimensional for any n. Also, {Ki}n>o is the 
coradical filtration of R since i? is a coradically graded coalgebra. On the other hand, R = 9{gi H) 
as graded coalgebras. It then follows from Proposition 14.41 and Proposition 14.61 that Vn = tth{H„) 
as fc-spaces. As a consequence, the number 7 is well defined. 

It is well known that Rfj^kG is just R * G a,s algebras. Moreover, the G-action on R preserves 
the grading. Since every finite-dimensional subspace of i? is contain in Vs for some s > 0, we see 
that the G-action on R is locally finite. Now by Lemma [5T2l GKdim i? + GKdimfcG = GKdim gri/. 
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By |KL[ Lemma 6.5], GKdimgri/ < GKdimiJ. Next we are going to show that GKdimi/ < 
GKdim kG + 7. 

Now let C be a finite-dimensional subspace of H . Without loss of generality, we can assume 
that C is a subcoalgebra of H . Let S = G{C). By the choice of C, the set S is finite. Denote by 
Gs{i) the set of elements in G that can be expressed as products oi < £ elements in S* U S^^ and 
let gsii) = \Gs{i)\. By Corollary E^l G{C'^) C Gs{e). Suppose that C C Hn for some TV > 1. 
Then C" C HnN- Let D — grC", the associated graded coalgebra of C" with respect to it coradical 
filtration. Notice that D is naturally embedded in gr H. Since G{D) can be identified with G{C"), 
we have G{D) c G's(n). 



Now by Lemma l5. II we have 



nN 



As a consequence, 



Therefore, 



m)h 

1=0 hGG{D) 

= VnNhC VnNh. 
heG(D) heGs(n) 



diuik C" = dimfc D < dimfe VnN ■ gs{n). 



lim log„ dimfc C" < lim log„ dinife VnN ■ gs{n) 

n— )-oo n^oo 

< lim log„ dinife T4jv + hm log„55(n) 

< lim log„ dinife K+ hm log^ gs{n) 

n— )-oo 71— >-oo 

< 7 + GKdim kG. 

This proves (|5.ip . 

When R is finitely generated, by |KL[ Proposition 6.6], GKdim i? ~ lim log„ dimfe Ki = 7- 
Combining this fact with (|5.ip . we have (|5.2p . □ 

Remark 5.5. In Theorem l5.4l if we further assume that G is a finite group, then {Hn}n>o is a finite 
filtration in the sense that dimfe i7„ < 00 for any n > 0. This is true because Hn/Hn-i = R{n)®kG 
as fc-spaces for all n. In this case, the result GKdim gr_ff — GKdim iJ follows from |KL[ Proposition 
6.6]. 

Remark 5.6. It is easy to check that gr_ff is finitely generated if and only if both R and kG are 
finitely generated. Hence if gri? is finitely generated, then GKdim i? + GKdim fcG = GKdim griJ = 
GKdim i7. 
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If iJ is a finitely generated pointed Hopf algebra, then G is a finitely generated group by Corollary 
13.51 However, the finite generation of H does not imply that dinifc R{1) < oo, as shown in the 
following example. 

Example 5.7. Let the base field k be ¥p, where p is a prime number. Let H = k[x]. Then H is a 
connected Hopf algebra where x is primitive. It is well known that gr H ^ k[xi, X2, ■ ■ ■ a^f' ' ' ' ) 

with Xi being primitive. As a consequence, GKdimgri? = since every finitely generated subalgebra 
of gr H is finite- dimensional. On the other hand, GKdimi7 = I. 

The above example relies heavily on the assumption that the base field k has characteristic p. In 
fact, based on known examples, it is conjectured that if the base field is of characteristic 0, and H 
is finitely generated with finite GK-dimension, then R{1) is always finite-dimensional. Some partial 
results are discussed in jWZZ21 Section 3]. 

We conclude this section with a straightforward corollary. 

Corollary 5.8. Let H be a pointed Hopf algebra with group-like elements G. If gr H = B{V)^kG, 
where V is a finite- dimensional left Yetter-Drinfled module over G and B{V) is the Nichols algebra 
of V , then 

GKdimS(t^) + GKdimfcG = GKdimgriJ = GKdimiJ. 

For the definitions and basic properties of Yetter-Drinfeld modules and Nichols algebras, a good 
reference is [ASlj . 

6. Connected Hope algebras 

This section is primarily devoted to the study of connected Hopf algebras. Let H he & connected 
Hopf algebra. Then its associated graded Hopf algebra gr H with respect to the coradical filtration 
is also connected. Moreover, the natural grading on gr H makes it into a coradically graded Hopf 
algebra as mentioned in Section [2j In fact, we are able to show that if the base field is algebraically 
closed of characteristic and GKdimi? < oo, then GKdimi? must be a non- negative integer I 
and gr H is isomorphic to the polynomial ring of i variables as algebras (see Proposition 16.51 and 
Theorem 16. lOp . As a consequence, we derive some ring-theoretic properties of such Hopf algebras. 
For instance, we show that they are always domains, which reproves an unpublished result by Le 
Bruyn. 

By [Moi Lemma 5.2.10], a connected bialgebra is automatically a connected Hopf algebra. Fur- 
thermore, we have the following lemma. 
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Lemma 6.1. Let H be a connected Hopf algebra and K a sub-bialgebra of H . Then K is a Hopf 
subalgebra of H. 

Proof. Let S be the antipodc of H. We need to show that S{K) C K. It suffices to show that 
S{Kn) C K for any n > 0. When n — the statement is true since Kq is spanned by the unit 1. For 
any n>l and c G by |Mol Lemma 5.3.2], A(c) = l®c + c®l + ^ai®bi, where ai.bi £ Kn-i- 
Since S is the convolution inverse of the identity map, we have S{c) + c + '^aiS{bi) = e(c). By 
induction hypothesis, S{c) G K. This completes the proof. □ 

The following technical lemma will be used frequently in the rest of the paper. 

Lemma 6.2. Let f : A ^ B be a surjective algebra map. If A and B are Noetherian prime algebras 
and GKdimA < GKdimB + 1 < oo, then f is an isomorphism. 

Proof. We only have to show that / ;= ker/ is zero. If not, then by assumption / is a prime 
ideal of A. It then follows from Goldie's theorem that / contains a regular element. Now by [KLl 
Proposition 3.15], GKclimS + 1 < GKdimA. But this is a contradiction. □ 

Lemma 6.3. Let K — ®^^QK{n) be a graded Hopf algebra with KifS) — k. Then the following 
statements are true. 

(I) // K is generated in degree one, then K is cocommutative; 
(II) // I'C is coradically graded, then K is commutative. 

Proof. It is easy to check that if a Hopf algebra is generated by elements x such that A(x) — tA{x), 
where r is the twisting map, then the Hopf algebra is cocommutative. Since K(l) is spanned by 
primitive elements, the statement (I) is true. 

For the second statement, by Remark 13.71 we can assume, without loss of generality, that K is 
finitely generated and thus locally finite. Let S — K{n)* be the graded dual of K. Then S is 

also a graded Hopf algebra with 5(0) = k. By |AS2[ Lemma 5.5], S is generated in degree one and 
thus cocommutative by (I). Hence K is commutative. □ 

Notice that for any connected Hopf algebra H , gr H is connected coradically graded. Hence the 
following proposition is clear. 



Proposition 6.4. Let H be a connected Hopf algebra. Then gr H is commutative. 
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In fact, if the base field is algebraically closed of characteristic 0, we can say more about the 
algebra structure of a connected coradically graded Hopf algebra. 

Proposition 6.5. Let K — K{n) he a coradically graded Hopf algebra with K{Q) — k and 

assume that the base field k is algebraically closed of characteristic 0. If K is finitely generated, 
then K is isomorphic to the polynomial ring of I variables for some £ > as algebras. 

Proof. Since K is finitely generated commutative, K = 0(r), the coordinate ring of some algebraic 
group r over k. Hence K has finite global dimension. Now the result follows from |NV[ III. 2. 5]. □ 

The previous proposition leads to the following theorem, which is a result by Le Bruyn (unpub- 



Theorem 6.6. Assume that the base field k is algebraically closed of characteristic 0. Let H be a 
connected Hopf algebra. Then H is a domain. 

Proof. We only need to show that grff is a domain. By Remark 13. 7[ every finite subset of gr H 
is contained in a finitely generated graded Hopf subalgebra of grH. By Proposition 16.51 such 



Remark 6.7. In Theorem 16.61 the statement fails if the base field is of characteristic p. For 
example, let k — ¥p and H — k[x]/{xP). It is well known that H has a unique connected Hopf 
algebra structure under which x is primitive. Obviously, H is not a domain. 

Lemma 6.8. Assume that the base field k is algebraically closed of characteristic 0. Let K be a 
connected coradically graded Hopf algebra and L a finitely generated graded Hopf subalgebra of K . 
If L^ K, then GKAimK > GKdimi + 1. 

Proof Let N be the smallest number such that L{N) ^ K{N). Pick y e K{N)\L{N). By the 
choice of N we see that A{y) — l^y + y®l+w, where w G L{i) (g) L{N — i). Hence the 

algebra P generated by L and y is a finitely generated graded sub-bialgebra of K . By Lemma l6Tl 
P is a Hopf subalgebra of K . By Proposition 16. 5[ both L and P has finite GK-dimensions. Let L* 
and P* be the graded duals of L and P, respectively. Then L* and P* are both generated in degree 
one by |AS2[ Lemma 5.5] and thus cocommutative by Lemma [6. 31 Moreover, by |KL[ Proposition 



lished). 



subalgebras are domains. The result then follows. 



□ 



6.6], 



n 



n 
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Similarly, GKdimP = GKdimP*. Let / be the surjective Hopf map from P* to L* induced by the 
inclusion L P. By the choice of P we see that / is not injective. Notice that by |Mo[ Theorem 
5.6.5], both L* are P* are universal enveloping algebras and thus domains. It then follows from 
Lemma [Ql that GKdimP* > GKdimL* + 1. Hence GKdimX > GKdimP > GKdimP + 1. This 
completes the proof. □ 

Lemma 6.9. Assume that the base field k is algebraically closed of characteristic 0. Let K be a 
connected coradically graded Hopf algebra. Then K has finite GK-dimension if and only if K is 
finitely generated. 

Proof. If K is finitely generated, then by Proposition 16.51 K has finite GK-dimension. Now assume 
that K is not finitely generated. If dim^ K{1) — oo, then K has a Hopf subalgebra isomorphic to 
U{q), where g := K{1) is an infinite-dimensional Lie algebra. Hence GKdimii' = oo. Now assume 
that dimfc K{1) < oo. It suffices to show that there is a chain of Hopf subalgebras K'-^^ C K^^^^ C • • • 
such that GKdimiCf*^ -M < GKdimi^(*+i). Let K^^^ be the subalgebra generated by K{1). Then 
is a finitely generated graded Hopf subalgebra of K. Since K^^^ £ by assumption, there 
is some homogeneous element y & K \ K^'' such that A{y) = l^y + yiSil + iv where w S 
(^(1))+ Let K'-^^ be the subalgebra generated by K'^^^ and y. It is obvious that K^^^ is 

again a finitely generated graded Hopf subalgebra. By Lemma [6781 GKdimi^T'^^-' > GKdimi^T*^^-' -t- 1. 
Now c K, so we can repeat the above process and get the desired chain of Hopf subalgebras. 
This completes the proof. □ 

Now we are able to deliver the following theorem. 

Theorem 6.10. Assume that the base field k is algebraically closed of characteristic and let H 
be a connected Hopf algebra. Then the following statements are equivalent: 

(I) GKdimiJ<oo; 
(II) GKdimgriJ < oo; 

(III) gr H is finitely generated; 

(IV) gr H is isomorphic to the polynomial ring of i variables for some £ > as algebras. 
In this case, GKdim H = GKdim gr H , which is a positive integer. 

Proof. If GKdim _ff — oo, we need to show that GKdim griJ is also infinity. If not, by Lemma 
16.91 gr H is finitely generated. Then by Theorem 15.41 (or |KL[ Proposition 6.6]), GKdim = 
GKdim gr_ff < oo, which is a contradiction. If GKdim _ff < oo, by |KL[ Lemma 6.5], GKdim griJ < 
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GKdimi/ < cx). Hence (I) and (II) are equivalent. The equivalence of (II) and (III) is just Lemma 
16.91 The equivalence of (III) and (IV) follows from Proposition 16.51 

If one of the four conditions holds, then GKdimi? = GKdimgri/ by Theorem l5.4l Moreover, in 
this case GKdim gr is a positive integer by (IV) . This completes the proof. □ 

As a consequence of Theorem 16.101 a connected Hopf algebra enjoys many nice ring-theoretical 
properties. A few of them arc listed in the following corollary. 

Corollary 6.11. Assume that the base field k is algebraically closed of characteristic and let H 
be a connected Hopf algebra of GK-dimension i < oo. Then H is 

(I) a noetherian domain of global dimension I and Krull dimension < i; 
(II) Auslander- regular; 

(III) is GK-Cohen-Macaulay, i.e., for any non- zero finitely generated H-module M, 

j{M) + GKdim M = GKdim i/, 
where j{M) := mm{n \ Ext'^(Af,i7) 0}. 

Proof. By Theorem I6.10[ gr H is a noetherian domain of global dimension and Krull dimension 
e. Now by [BGl Lemma 1.12.12, Theorem 1.12.13] and pRl Lemma 5.6, Corollary 6.18], H is a 
noetherian domain of global dimension and Krull dimension < £. Moreover, by taking M to be the 
trivial i?-module k in (III), we have j{k) = £. This shows that the global dimension of H is £. 

Since gvH is noetherian, the filtration {-ff„}„>o on H is Zariskian by fBj] 2.10]. Then the 
statement (II) follows from |Bjj Theorem 3.9]. 

For the statement (III), we first choose a good filtration {il/„}„gz of M in the sense of |LVl 
Definition 5.1]. It then follows from |LV[ Lemma 5.4] that grM is a finitely generated griJ-modulc. 
It is clear that gr_ff is GK-Gohen-Macaulay. Hence jg,- H{gr M) + GKdim grM — GKdim griJ. As 
mentioned in the proof of [Bj| Theorem 3.9], jgr/f(grM) = j{M). By Theorem l6.10l GKdim gri? = 
GKdim and gri? is a finitely generated algebra. It then follows from KL, Proposition 6.6] that 
GKdim grAf — GKdim Af. This completes the proof. □ 

7. Connected Hopf algebras of GK-dimension three 

Throughout this section, the base field k is algebraically closed of characteristic 
zero. We are going to classify all connected Hopf algebras of GK-dimension three. To begin with, 
we introduce two classes of Hopf algebras. 
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Example 7.1. Let A be the algebra generated by elements X, Y, Z satisfying the following relations, 

[Z,X] = XiX + aY, 
[Z, Y] = X2Y, 

where a = i/ Ai ^ A2 and a = or I if Xi — X2- Then A becomes a Hopf algebra via 

e{X)=0, A{X) = l(g,X + X ®1, S{X) = -X, 
e(y) = 0, A(Y) ^l(g,Y + Y (g)l, S{Y) = -Y, 
e(Z) = 0, A{Z) = 1(g) Z + X (^Y + Z (^1, S{Z) = -Z + XY. 

We denote this Hopf algebra by yl(Ai, A2, a). 

Example 7.2. Let B be the algebra generated by elements X, Y, Z satisfying the following relations, 

[X,Y]=Y, 
[Z, X] = -Z + XY, 

[z,y] = \y\ 

where X G k. Then B becomes a Hopf algebra via 

e{X)=0, A{X) = Kg, X + X (g, I, S{X) = -X, 
e(y)=0, A{Y) ^l(gY + Y (gl, S{Y) ^ ~Y, 
e(Z)=0, A{Z) = 1^ Z + X ®Y + Z (gl, S{Z) = -Z + XY. 

We denote this Hopf algebra by B{X). 

Proposition 7.3. The algebras A{Xi, X2, a) and B{X) are connected Hopf algebras of GK-dimension 
three. 

Proof. We only prove the statement for B{X). The case of A{Xi, A2, a) can be proved analogously. 

As mentioned in 'GZl Section 1], to check B{X) is a Hopf algebra, it suffices to check the Hopf 
algebra axioms on a set of algebra generators for B{X), namely, X,Y and Z. This is easy and we 
leave it to the readers. 

By Bergman's Diamond Lemma, the algebra -B(A) has a fc-linear basis of monomials 
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where Wi G N. Define the degree of X'^^Y'^'^ Z'^^ to be wi + W2 + 2w3 and let F„ be the fc-space 
spanned by all monomials of degree < n. It is easy to check that {Fn}n>o is an algebra filtration 
on A by the defining relations. Hence by [KL. Lemma 6.1 (b)], 

GKdimB(A) = li^ log„ dim^ F„ = 3. 

Next, we claim that {F„}„>o is also a coalgebra filtration on B, i.e. A(_F„) C X^ILo -^i ® Fn-i for 
any n. Let X'^^Y^^ Z^^ be a monomial such that wi + W2 + < n. Then 

2 

1=0 

C( ^ Fi (g) F^,+^3_i) • F, (g) F2^,3_i) 

i=0 i=0 
n 

C^F, ® F„_,. 

i=0 

For the last two inclusions, we use the fact that {F„}„>o is an algebra filtration. Then it follows 
from [Mo[ Lemma 5.3.4] that the coradical of B{X) is contained in Fq, which is one-dimensional. 
Hence B{X) is a connected coalgebra. This completes the proof. □ 

Before moving on to study connected Hopf algebras of GK-dimension three, we still need a few 
lemmas. 

Lemma 7.4. Let H he a connected Hopf algebra of finite GK-dimension and K a Hopf subalgebra 
of H. //GKdimF: = GKdimi?, then K = H. 

Proof. By [Mol Lemma 5.2.12], gr K is naturally embedded in griJ as a graded Hopf subalgebra. 
Also, by Theorem Eini GRdimgrFT = GKdimif = GKdimi? = GKdimgrH and they are all 
finitely generated. It suffices to show that K — grH. If not, by Lemma [6.81 GKdimgri/ > 
GKdim gi K + 1 , which is a contradiction. □ 

The following proposition is a direct consequence of Lemma 17.41 

Proposition 7.5. Let H be a connected Hopf algebra of finite GK-dimension. Then GKdim iJ > 
diuik PiH). If GKdim H = dim^ P(i/), then H = [/(g) as Hopf algebras, where g = P(i/). // 
GKdim = 3, then dim^ P{H) = 2 or 3. 
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Proof. Let q = P{H). Then there is an injcctive Hopf map U{q) ^ H. By PBW Theorem, 
GKdimC/(fl) = dim^g. Hence GKdimi/ > GKdimC/(fl) = dimfcP(-ff). If GKdhni/ = dim^ P(iJ), 
then we have GKdimi7 = GKdim[/(g). Hence H — U{q) by Lemma [7.41 The last statement is 



The fohowing proposition is an easy consequence of Proposition [731 It is also mentioned in [GZj . 



Proposition 7.6. Let H be a connected Hopf algebra of GK- dimension strictly less than 3. Then 
GKdimi? = 0, 1 or 2. In fact, 

(I) if GKdimiJ = 0, then H = k, the trivial Hopf algebra; 
(H) if GKdimiJ = 1, then H k[x\ with x being primitive; 

(HI) j/GKdimiJ = 2, then H = U{g), where g is either the 2-dimensional ablian Lie algebra or 
the Lie algebra with basis {x,y} and [x,y] — y. 

Now we focus on connected Hopf algebras of GK-dimension three. The following theorem is the 
key to our main theorem of this section. 

Theorem 7.7. Let H be a connected Hopf algebra of GK-dimension > 3 such that dim^ P{H) = 2. 
Then for any linearly independent primitive elements x,y, there exists z d H such that A(z) = 
l<^z + x<S)y + zi^l. Moreover, if in addition GKdimiJ = 3, then for any such z, the set {x, y, z} 
generates H as an algebra. 

We postpone the proof to the last section. Now we are ready to deliver the main theorem of this 
section. 

Theorem 7.8. Let H be a connected Hopf algebra of GK-dimension three. Then H is isomorphic 
to one of the following: 



(I) The enveloping algebra U{q) for some three-dimensional Lie algebra g; 

(II) The Hopf algebras A{0, 0,0), ^(0,0,1), v4(l,l,l) orA{l,X,0) from Example \TJ\ for some 
A e k; 



from [21 Lemma 5.11]. 



□ 




(III) The Hopf algebras B(X) from Example \ 7. 2\ for some A € fc. 



Proof. By Proposition 17. 5[ dim^ P{H) is either 2 or 3. If dim^ P(H) ~ 3, then by Proposition 17.51 
H ^ U{q) as Hopf algebras, where g = P{H). This gives the Hopf algebras in (I). Now we focus 
on the case dimfe P{H) — 2. 
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Let () = P{H). Then f) is a two-dimensional Lie algebra. It is well known that there are two 
isomorphic classes of two-dimensional Lie algebras. 

Case 1: The Lie algebra \) is spanned by x and y with [x, y] — 0. By Theorem 1 7. 71 there \s z € H 
such that A(z) = \ ®z~\-x®y-\-z® \ and x, y, z generate H as an algebra. It is easy to check that 
[z, x\ and [z, y\ are primitive elements. Therefore 

(7.1) [z,x\^ aiix + ai2y, 

[z,y] = a2ix + 0222/, 

where Uij € k. 

Let P be a 2 X 2 invertible matrix such that P~^AP is a Jordan matrix, where A = (fly). We take 
det P = 1. Let P = {bij) and P^^ = [cij). Then by setting x' = bux + 621?/ and y' = bi2X + 622?/, 
the relations (j7.ip becomes 

[z, x'] = Xix' + ay', 
[z,y'] = A2?/', 



where is a Jordan matrix. Now we have 




A(z) = 1 (g) z + {cnx' + C2iy') (S) {ci2x' + C22y') -f z 1. 
Let z' = z — ^ciiCi2x'^ — ^ciiC22y'^ — ci2C2ix'y' . Then a direct calculation shows that 

(7.2) A(z') = l®z' + a;'(8)y' + z'(g)l, 
and 

(7.3) [z',x'] = Xix' + ay', 

[z',y']^X2y', 

Notice that x',y',z' generate H and = 0. 

If Ai = A2 = and a = (resp, a = 1), then there is a surjective Hopf map from ^(0, 0, 0) (resp. 
A{0, 0, 1)) to H sending X, Y, Z to x' , y' , z', respectively. 



If Ai = A2 7^ and a = 1, then there is a surjective Hopf map from ^4(1, 1, 1) to H sending 
X,Y,Z to x' , j^y', XT-^'' respectively. 

If Ai 7^ and a = 0, then there is a surjective Hopf map from A{1, A2/A1, 0) to H sending X, Y, Z 
to j^x',y', j^z', respectively. 
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If A2 ^ and a = 0, then there is a surjective Hopf map from ^(1, A1/A2, 0) to H sending X, Y, Z 
to j^y', —x', j^{z' — x'y'), respectively. 

By Lemma 16.21 all the above surjective Hopf maps are isomorphisms. This completes the proof 
of (II). 

Case 2: The Lie algebra f} is spanned by x and y with [x,y] = y. Again by Theorem 17.71 there 
is z G i? such that A(z) — l^z + xi^y + z®! and x, y, z generate H as an algebra. A straight 
calculation shows that [z, y] — ^y"^ and [z, x] + z are primitive elements. Therefore 

[z, x] ^ -z + aiix + 012?;, 

r 1 1 2 

[z,y\ = 2^ +a2ia: + a22y, 

where a.y G k. By replacing z with z — anx, we can assume that on ~ 0. We claim that 
0.21 = ^22 — 0. Notice that the relations between x, y, z can be rewritten as 

yx^ xy- y, 
zx = xz — z + ai2y, 
1 2 

zy^yz+-y + 021^ + 022?/. 

By these relations, we have 

z{yx) = xyz + ^xy^ + 0212;^ + a22xy -~ 2yz + {a^ ~ - 2a2ia; - 2a22y- 

On the other hand, 

{zy)x = xyz + ^xy'^ + a2ix^ + a22xy - 2yz + (ai2 - l)y^ - a22y. 

Since z{yx) = {zy)x by associativity, we have — 2a2ia; — 2a22y = —0222/7 which implies that a2i = 
022 = 0. Now it is clear that there is a surjective Hopf algebra map from B{ai2) to H sending X, Y, Z 
to x,y,z, respectively. By Lemma 16.21 this surjective map is an isomorphism. This completes the 
proof of (III). □ 

Remark 7.9. It is clear from the proof of Theorem 17.81 that any Hopf algebras H listed in (II) and 
(III) has GK-dimension 3 and dim^ P{H) — 2. 

In fact, by following the same lines as in case 1 and case 2 in the proof of the previous theorem, 
we have the following proposition. 

Proposition 7.10. Let H be a connected Hopf algebra 0/ GK-dimension > 3 such that dim^ P{H) = 
2. Then for any linearly independent primitive elements x,y, there exists z ^ H such that A(z) = 
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l(E)z + x'S>y + z(E)l. Moreover, the algebra C generated by x, y,z is a Hopf subalgebra of H and 
GKdimC = 3. 

For the rest of this section, we are going to look closer at the Hopf algebras listed in Theorem 
0(11) and (III). 

Lemma 7.11. Let H be a connected Hopf algebra of GK-dimension three such that dimfe P{H) = 2 
and let x, y,z be a set of generators as described in Theorem \ 1. 7[ Denote by K the Hopf subalgebra 
generated by x and y. Then H2/K2 is spanned by the image of z. 

Proof. It is clear that z G \ Hence we only have to show that H2/K2 is one-dimensional. 
Notice that Hi — Ki. Therefore it suffices to show that gr_ff(2)/ gri^(2) is one dimensional. By 
Theorem 17.71 x,y E gr_ff(l) and z £ grH{2) generates gr_ff. It is also clear that gr K is the 
Hopf subalgebra of gi H generated by x and y. As a consequence, grH{2) — kz + (gri7(l))^ = 
kz + (griir(l))^ — kz + grK{2). This completes the proof. □ 

For any Hopf algebra H, the commutator ideal [H, H] is a Hopf ideal [GZ] Lemma 3.7]. We call 
H/[H, H] the abelianization of H. For any h E H, let ad{h) g Endk{H) be the linear map sending 
u to [h, u] for any u E H. 

Proposition 7.12. For any given A £ fc, A{0, 0, 0), A{0, 0, 1), A{1, 1, 1) and A{1, A, 0) are pairwise 
non-isomorphic. Also, A{1, A, 0) = A{1, 7, 0) if any only if X — j or Xj — 1. 

Proof. We start with the first statement. It is clear from defining relations that the abelianizations 
of A{0, 0, 0), A{0, 0, 1) and ^(1, 1, 1) are A{0, 0, 0), k[X, Z] and k[Z], respectively. And the abelian- 
ization of A{1, A, 0) is k[Z] if A ^ 0, and k[Y, Z] if A = 0. Now to prove the first statement, we only 
have to show A{0, 0, 1) ^ A{1, 0, 0) and 1, 1) ^ A, 0) for A 7^ 0. 

Suppose that / is a Hopf isomorphism from H' := A{1, 1, 1) to H := A{1, A,0). We label the 
canonical generators of H' by X', Y' and Z'. Let K' (resp. K) be the Hopf subalgebra of H' (resp. 
H) generated by X' , Y' (resp. X, Y). Then / restricts to a Hopf isomorphism from K' to K. As a 
consequence, / induces a linear isomorphism from H2/K2 to H2/K2. This indicates that f{Z') is 
of the form aZ + u for some a E k" and u £ K2. Now consider the maps 

ad(Z') :H[~^H[ and ad(/(Z')) : Hi ^ Hi. 

Since / restricts to a linear isomorphism from H'l to Hi and / o ad(Z') = ad(/(Z')) o /, the 
two maps must have same eigenvalues and same number of independent eigenvectors. However, 
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from the defining relations we see that ad{Z') has only one linearly independent eigenvectors while 
ad(/(Z')) = ad{aZ + u) has two. This shows that 1, 1) ^ A,0). If we replace H' and H 
by A(0, 0, 1) and 0, 0) respectively, then the above argument shows that A(0, 0, 1) ^ 0, 0). 
This completes the proof of the first statement. 

Next, we proceed to prove the second statement. As mentioned before, the abelianization of 
A{1, A, 0) is fc if A ^ 0, and k[Y] if A = 0. Hence Ail, 0, 0) ^ A, 0) for any A ^ 0. Now assume 
A{1, A, 0) = A{\, 7, 0) and we have to show that either A = 7 or A7 = 1. Without loss of generality, 
we can assume that both Ai and A2 are non-zero. Repeat the argument in the second paragraph 
of the proof by taking H' — A, 0) and H = A{1, 7, 0). It is easy to check by defining relations 
that adz' has eigenvalues {1,A} and ad/(Z') has eigenvalues {0,07}. Since they have the same 
eigenvalues, we must have 



Clearly, these imply that either A = 7 or A7 = 1. 

Conversely, we only have to show that if A7 = 1, then A, 0) ^ A{1, 7, 0). Label the canonical 
generators of A(1,A,0) by X' ,Y' and Z' . Then there is a surjective Hopf map from A,0) to 
A{1, 7, 0) sending X', Y' , Z' to Y, —AX, \{Z — XY), respectively. This map is an isomorphism by 



Proposition 7.13. i3(A) = i?(7) i/ and only if X = j. 

Proof. Label the canonical generators of B{X) by X',Y',Z'. Suppose that / is an isomorphism 
from H' := B{X) to H 5(7). By Theorem FTSl P{H') (resp. P{H)) are spanned by X',Y' (resp. 
X,Y). Notice that / restricts to a linear isomorphism from P{H') to P{H). Hence 



for some non-degenerate matrix (ay ). Since [f{X'),f{Y')] = f{Y'), we have 

[aiiX + ai2Y, a2iX + a22Y] = 021^ + a22Y. 

By using the fact [X, Y] = Y and comparing the coefficients, it yields that an — 1, a2i — and 
0-22 7^ 0. Since / is a coalgebra map. 




Lemma 16.21 



□ 



fix') 



aiiX + ai2Y, 



f{Y') = a2iX + a22Y, 



^f{Z') = (/ «) f)MZ') - 1 ® f{Z') + {X + ai2Y) a22Y + f{Z') <g> 1. 
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Then it is easy to check that f{Z') — 022^ — 5012022^^ £ P{H)- As a consequence, there exists 
c,d £ k such that 

f{Z') = a22^ + ^012022 1'' + cX + dY. 
Since [f{Z')J{Y')]^y{Y')\ 

\a12Z + ^ai2a22l^^ + cX + dY, a22Y] = ^022^^- 

By comparing the coefficients, it yields that c = 0. Now the relation [f{Z'),f{X')] = —f{Z') + 
Xf{Y') gives 

(7.4) [a22^ + ^012022!"^ +dY,X + a^Y] = -022^ - ^ai2a22i^^ - dY + Xa22Y. 

The left-hand side of (j7.4p becomes 

-022^ + 0227^ + ^012022^^ - 012022^^^ - dY. 
Comparing this with the right-hand side of (j7.4D we have A = 7. This completes the proof. □ 

We conclude the section by two propositions regarding the algebra structures of Hopf algebras 
^(Ai,A2,a) and B{X), which suggests that they can be considered as coalgebra deformations of 
universal enveloping algebras. However, we will not pursue this direction further. 

Proposition 7.14. For any choice of {Xi, X2, a) (resp. X), as an algebra, A(Ai, A2,a) (resp. B{X)) 
is isomorphic to the enveloping algebra of a solvable Lie algebra. 

Proof. For A(Ai,A2,a), by the defining relations in Example 17.11 we have A(Ai,A2,a) ^ U{q) as 
algebras where g is the solvable Lie algebra spanned by X, Y and Z. For B{X), let Z' := Z — \XY , 
then B{X) is generated by X,Y and Z' with the following relations 

[X,Y]^Y, 
[Z',X] = -Z' + XY, 

= 0. 

Now it is clear that B{X) = U{g) where g is the solvable Lie algebra spanned by X,Y and Z'. □ 

The following proposition says that U{sl2) has no non-trivial coalgebra deformations. 

Proposition 7.15. For any choice of (Ai,A2,a) (resp. X), the Hopf algebra j4(Ai,A2,q;) (resp. 
B{X)) is not isomorphic to U{sl2) as an algebra. 
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Proof. It is well known that the abelianization (see definition before Proposition l7.12p of U{sl2) is k. 
By the first paragraph in the proof of Proposition l7.12l the abelianization of A{Xi, A2, a) is infinite- 
dimensional for any choice of (Ai,A2,a). Also an easy calculation shows that the abelianization of 
B{X) is isomorphic to k[X]. The result follows. □ 

8. Proof of Theorem 17.71 

This section is devoted to the proof of Theorem l7.7l The proof uses the cohomology of coalgebras, 
which we will recall briefly. 

Let C be a coaugmentcd coalgebra in the sense that there is a coalgebra map from the trivial 
coalgebra k to C. Let J = C+, the kernel of the counit, and one defines the reduced comultiplication 
on J by 

A(c) = A(c) - (1 (g) c + c ® 1). 
Then the cobar construction fiC on C is the differential graded algebra defined as follows: 

• As an graded algebra, flC is the tensor algebra T{J), 

• The differential in ilC is given by 

n-l 
i=0 

Dually, given an augmented aglebra A, one can construct a differential graded coalgebra BA, 
which is called the bar construction of A. See |FHT[ §19] for basic properties of cobar and bar 
constructions. 

Lemma 8.1. Let C = [/(()) where I) is a two-dimensional Lie algebra spanned by x and y. Then 
dim^ H^(J7C) = 1 and in fact H^(r2C) = {x ® y) where {x ® y) is the cohomology class defined by 
the cocycle x ® y. 

Proof. By the PBW Theorem, the coalgebra C has a basis of the form {x^y^ | «, j G N}. It is also well 
known that C becomes a graded coalgebra by setting deg x'^y^ = i+j. Denote the n-th homogeneous 
part by C{n). Now J can be naturally identified with C{i). Moreover, the graded fc-linear dual 

of the graded coalgebra C is isomorphic to A — k[xi,X2] as graded algebras, where Xi has degree 
1. By |LPWZ2[ Lemma 8.6 (c)], B*A = nC as DG algebras, where B*A is the graded dual of the 
bar construction of A. On the other hand, by [LPWZli Lemma 4.2], R'{B*A) = Ext^(fc^, fc^). As 
a consequence, dim^ II^(f2C) = dim^ Ext^(fc^, fc^) = 1- 
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It is easy to check by definition that x (gjy is a cocycle, i.e. d^{x ^y) — 0. We only have to show 
that X ®y ^ Imd^ . Suppose to the contrary that there is some w & C such that d^{w) — x ® y € 
C(l) ® C{1). Then by a degree argument, the element w is in C(2), i.e. w must be of the form 
ax^ + hxy + cy^ for some a,b,c £ k. However, an easy calculation shows that d^{ax^ + hxy + cy"^) is 
in the fc-subspace V spanned hy x ® x, y ® y and x (i) y + y (i) x and clearly x ® y \s not in V . This 
completes the proof. □ 

Now we are ready to prove Theorem 17.71 

Proof of Theorem \ 1. 7[ Let C be the subalgebra of H generated by x and y. Then C is a Hopf 
subalgebra of iJ and C is isomorphic to [/((]) where f) is a two-dimensional Lie algebra. Notice that 
by construction C\ — Hi. Let > 2 be the least number such that Cn ^ Hm- By ( Moj Lemma 
5.3.2], there exists z' e _ffjv \ Cjv such that A(z') — 1 ® z' + z' ® 1 + u, where u e -ffjv-i ® -ffjv-i = 
Cn~i ® Cm-1 C C ® C. Without loss of generality, we assume that e(z') = 0. 

Now we have two DG algebras, (ftHjOn) and {ilC,dc)- In fact, {nC,dc) can be viewed as a 
sub-complex of {VtH^dn)- Notice that — djfdjj{z') — djf{u) = d^{u), i.e. m is a cocycle. We 
claim that u represents a non-zero cohomology class in II^(J7C). If not, there is it; e C such that 
9p(u') = l(S^w — A{w) + w (E> 1 = u. As a consequence, A{z' + w) = 1 (E) {z' + w) + {z' + w) ®1, i.e. 
z' + w is a primitive element in H. By the fact that Hi ~ Ci, z' + w £ Ci. But this would imply 
that z' e C, which contradicts the choice of z' . 

By Lemma [8.11 the cohomology classes in H^(57C) represented by u and x ®y only differ by a 
non-zero scalar. Hence there exists v £ and a £ such that d^{v) = au~x®y. Let z = az' + v. 
Then z ^ C and A(z) ^l(g)z + x(g)y + z®l. 

Next, assume that GKdimi? = 3. Now we have to show that H is generated by x, y and z. Let 
K be the subalgebra of H generated by x, y and z. Then it is easy to check that is a sub-bialgebra 
and thus a Hopf subalgebra of H by Lemma [01 By the construction oi K, C C K. By Lemma 
CKdimgrif > GKdimgrC + 1 = 3. On the other hand, GKdimgrX = GKdimif < GKdimiJ = 3 
since K C H. Hence GKdimii' = 3. Now it follows from Lemma [7.41 that K = H. This completes 
the proof. □ 
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